LOCAL SYMPLECTIC ALGEBRA OF QUASI-HOMOGENEOUS 

CURVES 



WOJCIECH DOMITRZ 

Abstract. We study the local symplectic algebra of parameterized curves 
introduced by V. I. Arnold in [All . We use the method of algebraic restrictions 
to classify symplectic singularities of quasi-homogeneous curves. We prove that 
the space of algebraic restrictions of closed 2-forms to the germ of a K-analytic 
curve is a finite dimensional vector space. We also show that the action of 
local diffeomorphisms preserving the quasi-homogeneous curve on this vector 
space is determined by the infinitesimal action of liftable vector fields. We 
apply these results to obtain the complete symplectic classification of curves 
with the semigroups (3, 4, 5), (3, 5, 7), (3, 7, 8). 



1. Introduction 

We study the problem of classification of parameterized curve-germs in a sym- 
plectic space (K^" , us) up to the symplectic equivalence (for K = M or C) . The 
symplectic equivalence is a right-left equivalence (or ^-equivalence) in which 
the left diffeomorphism-germ is a symplectomorphism of (K'^"',uj) i. e. it preserves 
the given symplectic form u; in K^". 

The problem of ^-classification of singularities of parameterized curves-germs 
was studied by J. W. Bruce and T. J. Gaffney, C. G. Gibbson and C. A. Hobbs. 
Bruce and Gaffney ( [BGj ) classified the ^-simple plane curves and in [GH| the clas- 
sification of the ^-simple space curves was given. The singularity (an ^-equivalence 
class) is called simple if it has a neighbourhood intersecting only finite number of 
singularities. V. I. Arnold f [A2j ) classified stably simple singularities of curves. The 
singularity is stably simple if it is simple and remains simple after embedding into 
a larger space. 

The main tool and the invariant separating the singularities in ^-classification 
of curves is the semigroup of a curve singularity t i~> f{t) — {fi{t), • • • , fm{t)){see 
[GHj and [A2j ) . It is the subsemigroup of the additive semigroup of natural numbers 
formed by the orders of zero at the origin of all linear combinations of the products 
offiit)- 

In [Alj V. I. Arnold discovered new symplectic invariants of parameterized 
curves. He proved that the singularity of a planar curve (the orbit with re- 
spect to standard ^-equivalence of parameterized curves) split into exactly 2k + 1 
symplectic singularities (orbits with respect symplectic equivalence of parameter- 
ized curves). Arnold posed a problem of expressing these invariants in terms of the 
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local algebra's interaction with the symplectic structure. He proposed to call this 
interaction local symplectic algebra. 

In jlJlj G. Ishikawa and S. Janeczko classified symplectic singularities of curves 
in the 2-dimensional symplectic space. All simple curves in this classification are 
quasi-homogeneous. 

Symplectic singularity is stably simple if it is simple and remains simple if 
the ambient symplectic space is symplectically embedded (i.e. as a symplectic 
submanifold) into a larger symplectic space. In [K] P. A. Kolgushkin classified the 
stably simple symplectic singularities of curves (in the C-analytic category). All 
stably simple symplectic singularities of curves are quasi-homogeneous too. 

In |DJZ2j new symplectic invariants of singular quasi-homogeneous subsets of a 
symplectic space were explained by the algebraic restrictions of the symplectic form 
to these subsets. 

The algebraic restriction is a equivalence class of the following relation on the 
space of differential fc-forms: 

Differential fc-forms coi and uj2 have the same algebraic restriction to a subset 
N if LOi — UJ2 = a + dj3, where a is a fc-form vanishing on N and /3 is a (fc — l)-form 
vanishing on N . 

The algebraic restriction of a fc-form oji to a subset A^i and the algebraic re- 
striction of a fc-form u)2 to a subset N2 are diffeomorphic if there exists a diffeo- 
morphism <& of K™ which maps iVi to N2 such that ^*u)2 and loi have the same 
algebraic restriction to A^i (for details see section [3]). 

The resuhs in |DJZ2| were obtained by the following generalization of Darboux- 
Givental theorem. 

Theorem 1 f [DJZ2j ). Quasi-homogeneous subsets of a symplectic manifold {M,uj) 
are locally symplectomorphic if and only if algebraic restrictions of the symplectic 
form to to them are locally diffeomorphic. 

This theorem reduces the problem of symplectic classification of quasi-homoge- 
neous subsets to the problem of classification of algebraic restrictions of symplectic 
forms to these subsets. 

In |DJZ2j the method of algebraic restrictions is applied to various classification 
problems in a symplectic space. In particular the complete symplectic classification 
of classical A-D-E singularities of planar curves is obtained, which contains Arnold's 
symplectic classification of A2k singularity. 

In this paper we return to Arnold's original problem of local symplectic algebra 
of a parameterized curve. We show that the method of algebraic restrictions is a 
very powerful classification tool for quasi-homogeneous parameterized curves. This 
is due to the several reasons. The most important one is that the space of algebraic 
restrictions of germs of closed 2-forms to a K-analytic parameterized curve is a 
finite dimensional vector space. This fact follows from the following more general 
result conjectured in |DJZ2j . which we prove in this paper. 

Theorem 2. Let C be the germ of a 'K-analytic curve. Then the space of algebraic 
restrictions of germs of closed 2-forms to C is a finite dimensional vector space. 

By a K-analytic curve we understand a subset of K™ which is locally diffeo- 
morphic to a 1-dimensional (possibly singular) K-analytic subvariety of K™. Germs 
of K-analytic parameterized curves can be identified with germs of irreducible K- 
analytic curves. 
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The tangent space to the orbit of an algebraic restriction a to the germ / of a 
parameterized curve is given by the Lie derivative of a with respect to germs of 
hftable vector fields over /. We say that the germ X of a liftable vector field acts 
trivially on the space of algebraic restriction if the Lie derivative of any algebraic 
restriction with respect X is zero. 

Theorem 3. The space of germs of liftable vector fields over the germ of a param- 
eterized quasi-homogeneous curve which act nontrivially on the space of algebraic 
restrictions of closed 2- forms is a finite dimensional vector space. 

Theorem [2] is proved in section [5l In section [6] we prove Theorem [3] using the 
quasi-homogeneous grading on the space of algebraic restrictions. We show that 
there exist quasi-homogeneous bases of the space of algebraic restrictions of closed 
2-forms and of the space of liftable vector fields which act nontrivially on the space 
of algebraic restrictions to a quasi-homogeneous parameterized curve. These bases 
are allowed us to prove Theorem lG. 131 that states that the linear action on the space 
of algebraic restrictions of closed 2-forms to the germ of a quasi-homogeneous pa- 
rameterized curve by Lie derivatives with respect to liftable vector fields determines 
the action on this space by local diffeomorphisms preserving this germ of the curve. 

Both the space of algebraic restrictions of symplectic forms and this linear action 
are determined by the semigroup of the curve singularity. 

We apply the method of algebraic restrictions and results of Section [6] to ob- 
tain the complete symplectic classification of curves with the semigroups (3,4,5), 
(3,5,7) and (3,7,8) in Sections [3 [8] and [9l The classification results are presented 
in Table [TJ Table [5] and Table [3 All normal forms are given in the canonical co- 
ordinates (pi,(7i,-- - ,Pn,9n) in the symplectic space 0^^"',J2'^=i'^Pi ^ dqi). The 
parameters c, ci,C2 are moduli. The different singularity classes are distinguished 
by discrete symplectic invariants: the symplectic multiplicity Hsympiif), the index 
of isotropness z(/) and the Lagrangian tangency order Lt{f), which are considered 
in Section [4] 

We consider only quasi-homogeneous parameterized curves in this paper. But 
there are ^-simple singularities of curves which are not quasi-homogeneous. For 
example the curve f{t) = [t^ jt'^ -\- 1^) is not quasi-homogeneous. Then Theorem 
[T] cannot be applied for such curves. But there exists a generalization of this 
theorem to any subsets N of K™ ( [DJZ2] . section 2.6). In general there is one 
more invariant for the symplectic classification problem which can be represented 
as a cohomology class in the second cohomology group of the complex of 2-forms 
with zero algebraic restrictions to TV. This cohomology groups vanish for quasi- 
homogeneous subsets f [DJZl| ). They are finite dimensional for C-analytic varieties 
with an isolated singularity ( |BH| V It implies that they are finite dimensional 
for non quasi- homogeneous C-analytic curves. The space of algebraic restriction of 
closed 2-forms to a K-analytic curve is finite dimensional too by Theorem[2l But the 
description of the action of diffeomorphisms preserving a non quasi-homogeneous 
curve on algebraic restrictions is much more complicated. 

Acknovirledgements. The author wishes to express his thanks to M. Zhito- 
mirskii for suggesting the subject and for many helpful conversations and remarks 
during the writing of this paper. The author thanks Z. Jelonek for very useful 
remarks on the proof of Theorem [2] and the referee of this paper for many valuable 
suggestions. 
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2. QUASI-HOMOGENEITY 

In this section we present the basic definitions and properties of quasi-homogeneous 
germs. 

Definition 2.1. A curve-germ / : (M, 0) (]R™,0) is quasi- homogeneous if 

there exist coordinate systems t on (R, 0) and (xi, • • • , x^) on (R™, 0) and positive 
integers (Ai, • • • , A^) such that 

where E = X^I^li ^i^i'Sr ^^'^ germ of the Eider vector field on (M™, 0). The coor- 
dinate system (xi, • • • , Xm) is called quasi- homogeneous, and numbers (Ai, • • • , A^) 
are called weights. 

Definition 2.2. Positive integers Ai, • • , Am are linearly dependent over non- 
negative integers if there exists j and non-negative integers ki for i j such that 
Xj = Yliijkj^i^i- Otherwise we say that Ai,-- - ,Xm are linearly independent 
over non-negative integers. 

It is easy to see that quasi-homogeneous curves have the following form in the 
quasi- homogeneous coordinates. 

Proposition 2.3. A curve-germ f is quasi-homogeneous if and only if f is A- 

equivalent to 

where Ai < • • • < A/j are positive integers linearly independent over non-negative 
integers. 

Ai, • • • Afe generate the semigroup of the curve f, which we denote by (Ai, • • • , A^). 

The weights Ai, • • • , Afe are determined by /, but weights Afc+i, • • • , A^ can be 
arbitrary positive integers. Actually in the next sections we study the projection 
of / to non zero components: R 3 t i-> {t^^ , • • • ,t^'') E M.'' . 

Definition 2.4. The germ of a function, a differential /c-form, or a vector field a 
on (M™, 0) is quasi- homogeneous in a coordinate system (xi, • • • , Xm) on (R™, 0) 
with positive weights (Ai, • • • , A^) if Csa ~ Sa, where E = X^I^i ^i^i^r is the 
germ of the Euler vector field on (R™ , 0) and 5 is & real number called the quasi- 
degree. 

It is easy to show that a is quasi-homogeneous in a coordinate system (xi , • • • ,Xm) 
with weights (Ai,--- ,\m) if and only if F^a = t^a, where Ft{xi,--- ,Xm) = 
{t^^xi,--- ,t^'^Xm)- Then germs of quasi-homogeneous fimctions of quasi-degree 
6 are germs of weighted homogeneous polynomials of degree 5. The coefficient 
of the quasi-homogeneous differential A;-form ^ fii, -- ,iudxi^ A • • • A dxi^^ of 
quasi-degree 5 is a weighted homogeneous polynomial of degree 5 — X]j=i • The 
coefficient fi of the quasi-homogeneous vector field X)™ ^ fi of quasi-degree 5 is 
a weighted homogeneous polynomial of degree ^ -|- Ai. 

Proposition 2.5. If X is the germ of a quasi-homogeneous vector field of quasi- 
degree i and u> is the germ of a quasi-homogeneous differential form of quasi-degree 
j then CxoJ is the germ of a quasi-homogeneous differential form of quasi-degree 
i + j- 
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Proof. Since CeX = [E, X] = iX and Cei^ = ji-^, we have 

£_b(£xw) = £.x{CEi^) + '^iE,x]^ = Cxijuj) + J^ixuj = jCxuj + iCxi^ = {i+j)CxUJ. 
It implies that Cxa is quasi-homogeneous of quasi-degree i + j. □ 

3. The method of algebraic restrictions 

In this section we present basic facts on the method of algebraic restrictions. 
The proofs of all results of this section can be found in |D JZ2] . 

Given the germ of a smooth manifold {M,p) denote by A'^(Af) the space of all 
germs at p of differential /c-forms on M. Given a curve-germ / : (M, 0) {M,p) 
introduce the following subspaces of AP{M): 

A^irafiM) ^{Lue AP{M) : uj\f^t) = for any t £ M}; 

^g(/m/, M) = {a + d(3: ae A?,„^(M), /5 e AP,7//Af).} 

The relation — means that the p-form u annihilates any p-tuple of vectors 

in Tf(^i^M , i.e. all coefficients of uj in some (and then any) local coordinate system 
vanish at the point f{t). 

Definition 3.1. The algebraic restriction of w to a curve-germ / : R ^ Af 
is the equivalence class of uj in Ap{M), where the equivalence is as follows: uj is 
equivalent to oj ii uj — uj G .4o(/to/, AI). 

Notation. The algebraic restriction of the germ of a form uj on {M,p) to a curve- 
germ / will be denoted by [uj]f. Writing [uj]f = (or saying that uj has zero 
algebraic restriction to /) we mean that [uj]f — [0]/, i.e. uj e AQ{Inif, M). 

Remark 3.2. If .g = f ° 4> for a local diffeomorphism of M then the algebraic 
restrictions [uj]f and [uj]g can be identified, because Imf — Img. 

Let {M,p) and {M,p) be germs of smooth equal-dimensional manifolds. Let 
/ : (IR,0) (M,p) be a curve-germ in (M,p). Let / : (M,0) (M,p) be a curve- 
germ in {M,p). Let u be the germ of a fc-form on {M,p) and w be the germ of a 

k-tovm on {M,p). 

Definition 3.3. Algebraic restrictions [uj]f and [w] j are called diffeomorphic if 

there exists the germ of a diffeomorphism $ : {M,p) — > {M,p) and the germ of 
a diffeomorphism : (M, 0) (K, 0) such that $ o / o (/) = / and $*([w]y) 

Remark 3.4. The above definition does not depend on the choice of uj and uj since 
a local diffeomorphism maps forms with zero algebraic restriction to / to forms with 
zero algebraic restrictions to /. If {M,p) = {M,p) and f = f then the definition 
of diffeomorphic algebraic restrictions reduces to the following one: two algebraic 
restrictions [uj] / and [uj] f are diffeomorphic if there exist germs of diffeomorphisms 
$ of {M,p) and of (R, 0) such that $ o / o = / and = [w]/. 

The method of algebraic restrictions applied to singular quasi-homogeneous 
curves is based on the following theorem. 
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Theorem 3.5 (Theorem A in |DJZ2j ). Let f : (M,0) (M^^^o) be the germ of a 
quasi-homogeneous curve. IfuJo,uJi are germs of symplectic forms on (IR^",0) with 
the same algebraic restriction to f then there exists the germ of a diffeomorphism 
$ : (R2»^ 0) ^ (R2», 0) such that $ o / = / and = ujq. 

Two germs of quasi-homogeneous curves f,g of a fixed symplectic space (M^", lo) 
are symplectically equivalent if and only if the algebraic restrictions of the symplectic 
form LO to f and g are diffeomorphic. 

Theorem 13.51 reduces the problem of symplectic classification of singular quasi- 
homogeneous curves to the problem of diffeomorphic classification of algebraic re- 
strictions of symplectic forms to a singular quasi-homogeneous curve. 

In the next section we prove that the set of algebraic restrictions of 2-forms to 
a singular quasi-homogeneous curve is a finite dimensional vector space. We now 
recall basic properties of algebraic restrictions which are useful for a description of 
this subset (rDjZ2]). 

Let / be a quasi- homogeneous curve on (R^", 0). 

First we can reduce the dimension of the manifold we consider due to the fol- 
lowing propositions. 

Proposition 3.6. Let (M, 0) be the germ of a smooth submanifold o/(R™,0) con- 
taining Lmf . LetuJi,uj2 he germs of k-forms on (R^jO). Then [(jJi\f = [(^2]/ if and 
only if [wi|TAf]j [t^2|TM]j- 

Proposition 3.7. Let /i,/2 be curve-germs in (R™,0) whose images are contained 
in germs of equal- dimensional smooth submanifolds (Mi,0), (M2,0) respectively. 
Let L0i,u}2 be germs of k-forms on (R™,0). The algebraic restrictions and 
[ct'2]/2 are diffeomorphic if and only if the algebraic restrictions [ciJi|ta/i]j o,nd 
\_^2\TM-^f^ are diffeomorphic. 

To calculate the space of algebraic restrictions of 2-forms we will use the following 
obvious properties. 

Proposition 3.8. If uj e ylg(/m/,R2") then duj e ylg+^(/m/, M^") and uj A a e 
^o+''(/m/,R2") for any p-form a on R^". 

The next step of our calculation is the description of the subspace of algebraic 
restriction of closed 2-forms. The following proposition is very useful for this step. 

Proposition 3.9. Let ai, . . . , he a basis of the space of algebraic restrictions of 
2-forms to f satisfying the following conditions 

(1) dai = ■ ■ ■ = doj — 0, 

(2) the algebraic restrictions daj+i, . . . , dok are linearly independent. 

Then ai, . . . , is a basis of the space of algebraic restriction of closed 2-forms to 
/■ 

Then we need to determine which algebraic restrictions of closed 2-forms are 
realizable by symplectic forms. This is possible due to the following fact. 

Proposition 3.10. Let r be the minimal dimension of germs of smooth submani- 
folds o/(R^" , 0) containing Imf. Let {S,0) be one of such germs of r -dimensional 
smooth submanifolds. Let 9 be the germ of a closed 2-form on (R^", 0). There exists 
the germ of a symplectic form oj on (R^",0) such that [6]f = [uj]f if and only if 
rank6\ToS > 2r — 2n. 
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4. Discrete symplectic invariants. 

Some new discrete symplectic invariants can be effectively calculated using alge- 
braic restrictions. The first one is a symplectic multiplicity f [DJZ2| ) introduced in 
[IJlj as a symplectic defect of a curve /. 

Definition 4.1. The symplectic multiplicity fisympiif) of a curve / is the codi- 
mension of a symplectic orbit of / in an yl-orbit of /. 

The second one is the index of isotropness |DJZ2j . 

Definition 4.2. The index of isotropness of / is the maximal order of 
vanishing of the 2-forms lu\tm over all smooth submanifolds M containing Imf. 

They can be described in terms of algebraic restrictions [DJZ2j . 

Proposition 4.3. The symplectic multiplicity of a quasi-homogeneous curve f in a 
symplectic space is equal to the codimension of the orbit of the algebraic restriction 
[w]/ with respect to the group of local diffeomorphisms preserving f in the space of 
algebraic restrictions of closed 2-forms to f . 

Proposition 4.4. The index of isotropness of a quasi-homogeneous curve f in 
a symplectic space (]R^",(jj) is equal to the maximal order of vanishing of closed 
2-forms representing the algebraic restriction [w]/. 

The above invariants are defined for the image of /. They have the natural 
generalization to any subset of the symplectic space |DJZ2] . 

There is one more discrete symplectic invariant introduced in [Alj which is de- 
fined specifically for a parameterized curve. This is the maximal tangency order 
of a curve / to a smooth Lagrangian submanifold. If iJi = ... = iJ„ = define a 
smooth submanifold L in the symplectic space then the tangency order of a curve 
/ : R ^ M to L is the minimum of the orders of vanishing at of functions 
i/i o /, • • • , Hn o /. We denote the tangency order of / to L by L). 

Definition 4.5. The Lagrangian tangency order Lt{f) of a curve / is the 
maximum of t{f, L) over all smooth Lagrangian submanifolds L of the symplectic 
space. 

For a quasi-homogeneous curve / with the semigroup (Ai , • • • , A^) the Lagrangian 
tangency order is greater than Ai. 

Lt{f) is related to the index of isotropness. If the index of isotropness of cj to / 
is then there does not exist a closed 2-form vanishing at representing algebraic 
restriction of u). Then it is easy to see that the order of tangency of / to L is not 
greater then A^. 

The Lagrangian tangency order of a quasi-homogeneous curve in a symplectic 
space can also be expressed in terms of algebraic restrictions. 

The order of vanishing of the germ of a 1-form a on a curve-germ / at is 
the minimum of the orders of vanishing of functions ol{X) o / at over all germs 
of smooth vector fields X. If a = '^^ local coordinates (cci,--- ,Xm) 

then the order of vanishing of a on / is the minimum of the orders of vanishing of 
functions gi o f for i = 1, • • • , m. 
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Proposition 4.6. Let f be the germ of a quasi-homogeneous curve such that the 
algebraic restriction of a symplectic form to it can be represented by a closed 2- 
form vanishing at 0. Then the Lagrangian tangency order of the germ of a quasi- 
homogeneous curve f is the maximum of the order of vanishing on f over all 1-forms 
a such that [Lu]f — [da]f 

Proof. Let L be the germ of a smooth Lagrangian submanifold in a standard 
symplectic space (R^",ljo = J2^=idpi A dqi). Then there exist disjoint subsets 
J, if C {1, • • • , n}, J U K = {1, • • • , n} and a smooth function S{pj, qx) ( |AG| ) 
such that 

dS dS 
(4.1) {qj ^ - — {pj,qK),Pk = ^ ^ '^^ 

It is obvious that the order of tangency of f to L is equal to the order of vanishing 
of the following 1-form: a = J2keKPkdqk - J2jeJ li^Pi ^ dS{pj, qk) and da = wo- 
lf closed 2-forms have the same algebraic restrictions to / then their difference 
can be written as a differential of a 1-form vanishing on / by relative Poincare 
lemma for quasi-homogeneous varieties jPJZlj . That implies that the maximum 
of orders of vanishing of 1-forms a on / depends only on the algebraic restriction 
oi u) = da. Let f{t) — [t'^^ , ■ ■ ■ , i"^*, 0, • • • ,0). We may assume that [w]/ may be 
identified with [da]/, where a is a 1-form on {xk+i ~ ■ ■ ■ ~ X2n = 0} and da\o = 0. 
In local coordinates a — X^iLi 9idxi where gi are smooth function-germs. Let a be 
the following germ of a symplectic form 

k n — k 

cr = da + ^ dxj A dxk+i + ^ dx2k+i A dxn+k+i- 

i=l 1=1 

Let L be the following germ of a smooth Lagrangian submanifold (with respect to 
^) 

{xk+t = gi, i = 1, • • ■ ,k, X2k+] ==0, j = 1, • • ■ ,n-k}. 
The tangency order of f to L is the same as the order of vanishing of a on /. 

It is obvious that the puUback of a to {x^+i = ■ ■ ■ — X2n — 0} is da. Then by 
Darboux-Givental theorem ('AGJ) there exists a local diffeomorphism which is the 
identity on {xk+i = ■ ■ ■ — X2n — 0} and maps a to lu. L is mapped to a smooth 
Lagrangian submanifold (with respect to the symplectic form uj) with the same 
tangency order to /. □ 



5. The proof of Theorem 

In this section we prove Theorem[51 The proof is based on the following lemmas. 

Lemma 5.1. Let N be the germ of a subset of K™ at 0. Let (xi, • ■ • ,a;,„) be a 
local coordinate system on K™. 

The space of algebraic restrictions of 2-forms to N is finite dimensional if and 
only if there exists a non-negative integer L such that xfdxj Adxk has zero algebraic 
restriction to N for any i, j,k = 1, • • • , m. 

Proof of Lemma \5.1l To prove the " only if part notice that there exists an non- 
negative integer K such that algebraic restrictions 

[dxj A dxk]N, [xidxj A dxk]N, [xfdxj A dxk]N, ■ ■ ■ , [xf dxj A dxk]N 
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are linearly dependent, since the space of algebraic restrictions of 2-forms to TV is 
finite dimensional. Therefore there exist a non-negative integer M and ci, • • • , Cs S 
Ksuchthat [x^''{l-\-Y^1^^Csx''^)dxjAdxk\N = 0. It implies that [x^^ dxj /\dxk\N ~ 0. 
Now it is easy to see that L is the maximum of M for all choices of i, j, k. 

To prove the " if" part first notice that any germ of a 2-form can be written in the 
local coordinates as X]i<j<fc<m ^j-kix)dxj Adxk, where Fj,k{x) are function-germs 
on IK™. Using Taylor expansions of Fj_k (x) with the reminder of degree greater than 
mL we obtain the result, since x\^ ■ ■ ■ x^^dxj A dxk has zero algebraic restriction to 
N for ii + ■ ■ ■ + im ^ mL. 

□ 

Lemma 5.2. Let f : (K, 0) (K^,0) be the germ of a M.-analytic parameterized 
curve in K^. Let (y, z) be a local coordinate system on K^, such that the line {y = 0} 
does not contain /(K). Then there exists a ^-analytic function-germ H vanishing 
on f of the following form H{y,z) = z^ — G{y,z)y^, where G is a ^-analytic 
function-germ on , andp,l are positive integers. 

Proof of Lemma \5.SX We use the method of a construction of H described in [W] 
(the proof of Lemma 2.3.1 on page 28). / is K-analytic then there exists a coordinate 
system t on K such that f[t) = (i"*, X^i^fc ^i**)- write it in the following 

way y = t™, z ~ ^T^=k'^i^^ ■ ^^"i non- negative integer i can be written in the 
following way i = qm -\- r, where r, q are integers such that < r < to — 1 and 
g > 0. Thus z = ^""^riy), where ^^(y) = Y.'^=o(^qm+rV'^ is K-analytic for 

r = 0,l,---,TO— 1. Then regard the equations 

ra — a — l m— 1 

(5.1) fz = f'+^'My) + J2 i°+''~'"20r(2/) for a = 0, 1, ■ • ■ , TO - 1. 

r— r—m — a 

as a system of linear equations for the unknowns f r — 0, ■ ■ ■ , m— 1 with coefficients 
in K{y, z}. The determinant D{x, y) of this system has the following form 



det 



z-0o(y) , -ifiiiv) , -02(y) 

-Z(j)m-i{y) , z-(f)o{y) , -<^i(y) 

-Z(pm-2{y) , -Z(j>m-l{y) , Z - (j)o{y) 

~z(l)i{y) , -z(f>2{y) , -z<j>3{y) 



-0m-l(?/) 
-0m-2(y) 

-(p^n-siy) 
z - (t)o{y) 



= + My)z"" ^ + • • • + V'm-l(y)z + V'm(2/), 

where ^/ji,--- ,V'm are K-analytic function-germs. Since the values for r — 
0, • • • , TO — 1 provide non-zero solutions of (jS.ip . the determinant -D(y, z) vanishes 
on the image of the curve /. Since /(O) = we have that ij^mi^) = 0. 
Thus we can decompose -D(y, z) in the following form 

D{y, z) = -I- V-i (0)z"-i + • ■ • + ^„_i(0)z -I- y'F{y, z) = z^h{z) -f y'F{y, z), 
where /i is a polynomial of degree m — k that does not vanish at 0, p, I are positive 

h(z) 



integers and is a K-analytic function-germ. Now we take H{y^ z) — ^^^r^- ^ 



Lemma 5.3. Let C he the germ of a ^-analytic curve on K^ at 0. Let (y, z) he 
a local coordinate system on M? , such that the line {y = 0} does not contain any 
branch of C . Then there exists a 'K-analytic function-germ H vanishing on f of the 
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following form H{y, z) — — G{y, z)y^ , where G is a ^-analytic function-germ on 
and p, I are positive integers. 

Proof. We decompose C into branches Ci , • ■ • , . Then we apply Lemma 15.21 to 
each branch C'i. We obtain a K-analytic function-germ vanishing on Ci of the form 
Hi{y, z) = — Gi{y, z)y''% where pi, U are positive integers and Gi is a K-analytic 
function-germ for i — 1, • • • , s. Now we may take H = Hi ■ ■ ■ Hs, which vanishes 
on C and has the desired form. □ 

Lemma 5.4. Let N be the germ of a subset of at 0. Let H be a ^-analytic 
function- germ on vanishing on N . 

If H has a regular point at or an isolated critical point at then the space of 
algebraic restrictions of 2- forms to N is finite dimensional. 

Proof. The space of algebraic restrictions of 2-forms to {H = 0} is isomorphic to 
^f/'-^fjy |DJZ2j . where C2 is the space of K-analytic function-germs on K^. Thus 
its dimension is finite and equal to the Tjurina number of {H = 0}. is a subset 
of {H — 0}. Hence the dimension of the space of algebraic restriction of 2-forms to 
N is smaller than the Tjurina number of {H — 0}, and consequently it is finite. □ 

Proof of Theorem\^ Let C be the germ of a K-analytic curve in K™ at 0. In fact 
we prove that the vector space of algebraic restrictions of all 2-forms to G is finite 
dimensional. It is obvious that the set of algebraic restrictions of closed 2-forms is 
a vector subspace of the vector space of algebraic restrictions of all 2-forms. 
Let (xi, • • • , Xm) be a coordinate system on K™ and let 

Hj^k ■ K™ 3 (Xi, • • • , Xrn) {Xj,Xk) G K^ 

be the standard projection. We choose a coordinate system in such way that for 
^■ny 3 T^j.kiG) is the germ of a K-analytic curve on K^ at such that the lines 
{xj = 0} and {xk = 0} do not contain any branch of nj^k{G). 

Then the space of algebraic restrictions of 2-forms to nj^kiC) is finite dimensional 
by Lemma 15. 4| since nj^kiC) may have a non-singular point at or an isolated 
singular point at 0. By Lemma 15.11 there exists a positive integer K such that 
Xj^dxj A dxk has zero algebraic restriction to TTj^k{C) and consequently it has zero 
algebraic restriction to G. 

By Lemma l5. 31 there exist positive integers p, I and a K-analytic function-germ G 
on K^ such that the function-germ H{xj,Xi) = x^ -\-G{xj,Xi)x^j vanishes on -Kj^iiC) 
and consequently it vanishes on G . It implies that 

x^^ dxj A dxk — {—G{xj, Xi))^ x''^ dxj A dxk 

has zero algebraic restriction to G too. 

Hence by Lemma ISTT] we obtain that the space of algebraic restrictions of 2-forms 
to G is finite dimensional. □ 

6. Quasi-homogeneous algebraic restrictions 

In this section we prove that the action by diffeomorphisms preserving the curve 
is totaly determined by infinitesimal action by liftable vector fields and the space of 
such vector fields which act nontrivially on algebraic restrictions is a finite dimen- 
sional vector space spanned by quasi-homogeneous liftable vector fields of bounded 
quasi-degrees. 
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The proof of Theorem [2] is very easy in the case of quasi-homogeneous param- 
eterized curves. Let / be the germ of a quasi-homogeneous curve. Then / is A- 
equivalent to f{t) = {t^^ ,■■ ■ ,t^'' ,0, - ■ ■ ,0). By Proposition 13.61 we consider forms 
in xi, - ■ ■ ,Xk coordinates only . We may also assume that the greatest common 
divisor (?(Ai, • ■ • , Xk) is 1. If it is not 1 we introduce weights Xi/ gcd{Xi, • ■ • , Afe) 
for Xi, i = 1, • ■ • ,k. The proof of Theorem [2] in this special case is based on the 
following easy observation. 

Lemma 6.1. The function- germ h{x) — x^^ — x^* vanishes on /. 

The above lemma implies the following facts. 

Lemma 6.2. The 2-form x^' ^ dxi A dxj has zero algebraic restriction to f 

Proof of Lemma \6JA By Lemma l6. II dh has zero algebraic restriction to /. It im- 
plies that j-dh A dxj = x^^ ^dxi A dxj has zero algebraic restriction to /. □ 

Lemma 6.3. // the monomials s{x) — Jlf=i •'^i' '^'^'^ p{x) — nf=i *^f' have the 

same quasi-degree then the forms s{x)dxi A dxj and p{x)dxi A dxj have the same 
algebraic restrictions to f. 

Proof of Lemma \6.S\ The function-germ s{x) — p{x) vanishes on /. □ 

The above lemmas imply that we can choose the quasi-homogeneous bases of 
the space of algebraic restrictions of 2-forms to /. Thus as a corollary of Theorem 
[2] and the above lemmas we obtain the following theorem. 

Theorem 6.4. The space of algebraic restrictions of closed 2-forms to the germ of a 
quasi-homogeneous curve f is a finite dimensional vector space spanned by algebraic 
restrictions of quasi-homogeneous closed 2-forms of bounded quasi- degrees. 

We will use quasi-homogeneous grading on the space of algebraic restrictions. 
Therefore we define quasi-homogeneous algebraic restrictions. 

Let / be the germ of a quasi-homogeneous curve on (R™, 0). Let lj be the germ 
of a fc-form on (R™, 0). By w'-'"-' we denote a quasi- homogeneous part of quasi-degree 
r in the Taylor series of uj. It is easy to see that if is a function-germ on (R™, 0) 
and ho f = then /i^'^) o / = for any r. This simple observation implies the 
following proposition. 

Proposition 6.5. // [tj]/ = then [uj^'^'']f = for any r. 

Proposition 16.51 allows to define quasi-homogeneous algebraic restriction. 

Definition 6.6. Let a = [w]/ be an algebraic restriction to /. The algebraic 
restriction a^''-' — [w''^']/ is called the quasi-homogeneous part of quasi-degree 
r of an algebraic restriction a. a is quasi-homogeneous of quasi-degree r if 
a = flW. 

We consider the action on the space of algebraic restrictions of closed 2-forms by 
the group of diffeomorphism-germs which preserve the curve / to obtain a complete 
symplectic classification of curves (Theorem [33]). The tangent space at the identity 
to this group is given by the space of vector fields liftable over /. 
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Definition 6.7 ([Zaj, |BPWj ). The germ X of a vector field on (R™,0) is called 
liftable over / if there exists a function germ g on (M, 0) such that 

'df 



dt 



Xof. 



The tangent space to the orbit of an algebraic restriction a is given by Cxo. for 
all vector field X liftable over /. The Lie derivative of an algebraic restriction with 
respect to a liftable vector field is well defined due to the following proposition. 

Proposition 6.8. Let X be the germ of a vector field on (M'",0) liftable over f 
and uj be the germ of a k-form on (R™, 0). // [uj]f = then [Cxi^]f = 0. 

Proof. This is a consequence of the Cartan formula and the following fact: dh{X) o 
f ~ for any function-germ h on (R"*, 0) vanishing on /. To prove the above fact 
let us notice that dh{X)of = {dhof){Xof) ^ {dho f)df (gf^) = d{hof) (gf^). □ 

By the Cartan formula we also obtain the following proposition. 

Proposition 6.9. If X is a vector field vanishing on the image of f then Cxa = 
for any algebraic restriction a to f . 

If / is quasi-homogeneous then the Euler vector field E is liftable over /. The 
following proposition describes its infinitesimal action on quasi-homogeneous alge- 
braic restrictions. 

Proposition 6.10. If an algebraic restriction a to f is quasi-homogeneous of quasi- 
degree S then Ceo — 6a. 

Let X be a smooth vector field. By X'*"^ we denote the quasi- homogeneous part 
of quasi-degree r in the Taylor series of X. We have the following result. 

Proposition 6.11. If X is liftable over f then X'^^^ is liftable over f. 

Proof We assume that f{t) = {t^^ , • • • , 0, • • • , 0). Then X of ^ g{t)df/dt for 
some function-germ g on M. It implies that 

o / ^ --L-^(o)f +if . 

(r + 1)! dr+i ^ ' dt 

□ 

Let K{f) be the minimal natural number such that all quasi-homogeneous alge- 
braic restrictions to / of closed 2-forms of quasi-degree greater than K{f) vanish. 
By Theorem EH is finite. 

Theorem 6.12. Let f{t) = {t^\- • • ,t^'',0,--- ,0). Let X^ be the germ of a vector 
field such that Xg o f = f^^^df /dt. Then the tangent space to the orbit of the quasi- 
homogeneous algebraic restriction Or of quasi-degree r is spanned by Lx^Or for s 
that are "Lyo-linear combinations o/ Ai, • • • , Afe and smaller than K{f) — r. 

Proof. Let y be a quasi- homogeneous vector field liftable over /. Then Y o f — 
cf'^^df/dt where s is the quasi-degree of Y and c G K. By Proposition 16.91 we 
obtain that LyOr — cLx^ar, since {Y — cXg) o / = 0. If Z is a liftable vector field 
we can decompose it to J^flo^ ^ ^ ^''^'^ + where y is a liftable vector field such 
that V^^^ = for s < K{f) — r. Then LzOr = '}2^=o^~^~^ CgLx^Or -\- LyOr, where 
Cs e M for s = 0, • • • , K{f ) - r - 1. Proposition [^5] implies that (Lyar)*^"^ = for 
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s < K[f). By Taylor expansion wc can decompose Lydr to /«^»' where fi are 

function-germs and bi are quasi-homogeneous algebraic restrictions of quasi-degree 
greater than K{f) — 1. Thus Lyar — 0- D 

Theorem 16.121 implies Theorem [31 Now we prove the following theorem which 
is crucial for the description of the action of diffeomorphisms preserving / on the 
space of algebraic restrictions to /. 

Theorem 6.13. Let ai, • • ■ , be a quasi-homogeneous basis of quasi- degrees Si < 
■ ■ ■ < 5s < Ss+i < ■ ■ ■ < 5p of the space of algebraic restrictions of closed 2-forms 
to f . Let a — '^j^j' where Cj G R for j = s, • • • ,p and Cg ^ 0. 



rok for k > s and r then a is diffeomorphic to X]j=s '^j'^J ^" Sj=fc+i ^j'^j' 



If there exists a liftable quasi-homogeneous vector field X over f such that Cx as = 
,fc for k > s and r ^ then ( 
some bj gR, j = k + 1, ■ ■ ■ ,p. 

Proof. We use the Moser homotopy method. Let at — J2j=l ^-j'^j + (1 ~ t)ckak + 
J2'j=k+i where bj{t) are smooth functions bj : [0; 1] ^ R such that bj{0) — Cj 

for j = fc + 1, ■ • • ,p. Let $t, t € [0; 1] be a flow of the vector field . We show 

that there exist such functions bj that 

(6.1) <p;at = a 
for t E [0; 1]. Differentiating (16. ip we obtain 

(6.2) Cj^xo-t = Ckttk - ^ 

Since Cxas = rak, the quasi-degree of X is Sk — Ss- Hence the quasi-degree of 
Csj^x^j is greater than dk for j > s. Then bj are solutions of the system of 
p — k first order linear ODEs defined by (|6.2p with the initial data bj (0) — Cj for 

j = fc 4- 1, • • • ,p. It implies that oq = a and ai = X]j=s ^o^i + X]j=fc+i 
diffeomorphic. □ 

6.1. Remarks on the algorithm for a quasi-homogeneous parameterized 
curve with an arbitrary semi-group. The results of section [5] allows us to 
formulate an algorithm for the classification of the symplectic singularities of an 
arbitrary quasi- homogeneous parameterized curve-germ /. It is obvious that this 
algorithm depends only on the semigroup of the curve singularity. 
Let us assume that the semigroup have the following form: 

(Ai, • • • , Afc), 

where Ai < • • • < A^ are positive integers linearly independent over non-negative 
integers. We use the quasi-homogeneous grading on the space of algebraic restric- 
tions of 2-forms with weights (Ai, • ■ • , A^) for coordinates {xi, • ■ • , Xk)- We may 
also assume that Ai,-- - , Afc are relatively prime. If they are not we introduce 
weights Ai/gcd(Ai, ■ • ■ , Xk) for Xi, i = \, ■ ■ ■ , k, where gcd(Ai, • • ■ , Afc) is the great- 
est common divisor of Ai, ■ • ■ , Afc. 

We fixed the quasi-degree 5 starting with Ai -I- A2 since there are no quasi- 
homogeneous 2-forms with a smaller quasi-degree. 

2-forms of the quasi-degree 5 (together with the zero 2-form) form a finite di- 
mensional vector subspace of the space of differential 2-forms. 
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By Lemma [6?3l algebraic restrictions of all forms of the quasi-degree 6 of the form 

(6.3) s{x)dxi A dxj 

for fixed i ^ j are linearly dependent. Hence for all i < j we need to check if the 
equation 

(6.4) aiAi H h flfcAfc = d - Ai - 

has a solution ai, • • • , in non- negative integers. 

For fixed i < j we take one of the solutions of equation (|6.4[) (if it exists). All 
other algebraic restrictions of the 2-forms of the form (j6.3|) are linear combinations 
of [xi^ • • ■ x1''dxi A dxj\f 

To find a basis of algebraic restrictions of quasi-homogeneous 2-forms with the 
quasi-degree 5 we are looking for quasi-homogeneous functions vanishing on / of a 
quasi-degree 5. 

To find them we need to find all solutions of the equation 

(6.5) fliAi + ■ ■ • + flfeAfe ~ d ~ \i 

If (ai, • • • , flfc) and {hi, • • • , h^) are distinct solution of (|6.5p then a function-germ 

(6.6) H{xi,- ■ ■ ,Xk) ^ xl^ ■ ■ ■ xl'' - xl^ ■ ■ ■xl'' 

vanishes on / and the form dH Adxi has zero algebraic restriction to /. In this way 
we obtain all relations between algebraic restrictions of quasi-homogeneous forms 
of quasi-degree i5 and consequently we find a basis of this vector space. 

Then we proceed to algebraic restrictions with quasi-degree 5-1-1. 

For some quasi-degrees we obtain that all quasi-homogeneous 2-forms have zero 
algebraic restriction to /. Then using the fact that quasi-homogeneous forms of 
a sufficiently high quasi-degree can be obtained by multiplication by functions of 
quasi-homogeneous forms of lower degrees we get that all 2-forms of a sufficiently 
high quasi-degree have zero algebraic restriction. In this way we construct the 
quasi-homogeneous basis of the space of algebraic restriction of all 2-forms. 

Then by Proposition 13.91 we get the quasi-homogeneous basis of the space of 
algebraic restriction of closed 2-forms from the quasi-homogeneous basis of the 
space of algebraic restriction of all 2-forms. 

Then we calculate the number K{f) and we find germs of vector field such 
that Xg o f = f^^df/dt for s that are representable as a non-negative integers 
combinations of Ai, • ■ • , Afe and smaller than K{f) — Ai — A2. By Theorem 16.121 
the tangent space to the orbit of the quasi-homogeneous algebraic restriction of 
quasi-degree r is spanned by Lx^dr- 

Finally we apply Theorem 16. 131 to get the classification of algebraic restrictions. 
From this classification we easily obtain the symplectic singularities normal forms. 

In the next sections we apply the above algorithm for curves with semigroups 
(3,4,5), (3,5,7) and (3,7,8). 

Although the algorithm works very well for concrete examples, the problem of 
calculations of the dimension of the space of algebraic restrictions of closed 2-forms 
to a quasi-homogeneous parameterized curve in terms of the semigroup of this curve 
is complicated. It is obvious that it is related to the classical Frobenius coin problem 
(the diophantine Frobenius problem) [^. 
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Frobenius Coin Problem. Given k relatively prime positive integers Ai, • • • , A/c, 
find the largest natural number (denoted by g(Ai, • • ■ , Xk) and called Frobenius 
number) that is not representable as a non-negative integer combination of Ai , • • ■ , A^ . 

By Schur's theorem Frobenius number is finite ([R]). The formula for Frobenius 
number for k = 2 was found by J. J. Sylvester: g{Xi, X2) = A1A2 — Ai — A2 ([El)- 
Sylvester also demonstrated that there are (Ai — 1)(A2 — 1)/2 non-representable natu- 
ral numbers. More complicated formulas and fast algorithms to calculate Frobenius 
number for A: = 3 are known, but the general problem for arbitrary k is known to 
be NP-hard ([R]). 

7. SYMPLECTIC SINGULARITIES OF CURVES WITH THE SEMIGROUP (3, 4, 5) 

In this section we apply the results of the previous section to prove the following 
theorem. 

Theorem 7.1. Let (M.'^" , ujq = Yl"=i^Pi ^ dqi) be the symplectic space with the 
canonical coordinates (pi, 91, • ' ' jPmQn)- 

Then the germ of a curve f : (R,0) — > (R^",0) with the semigroup (3,4,5) is 
symplectically equivalent to one and only one of the curves presented in the second 
column of the Table{J\ (on page 12) for n > 2 and f is symplectically equivalent to 
one and only one of the curves presented in the second column and rows 1-3 for 
n = 2. 

The symplectic multiplicity, the index of isotropness and the Lagrangian tangency 
order are presented in the third, fourth and fifth columns of Tahle\^ 





normal form of f 


f^sympl (/) 


^(/) 


Lt{f) 


1 


t^ {t^,t'^,t^,0,--- ,0) 








4 


2 


t^ (^^±^^^^o,•■• ,o) 


1 





5 


3 


^^(^^o,^^^^o,••• ,0) 


2 





5 


4 


i (^^±^^^^o,^^o, ••• ,o) 


3 


1 


7 


5 


t^ lt^,t'^,t^,o,t'',o,--- ,0) 


4 


1 


8 


6 


t^ (^^o,^^o,t^o, ••■ ,0) 


5 


00 


00 



Table 1. Symplectic classification of curves with the semigroup (3, 4, 5). 



We use the method of algebraic restrictions. The germ of a curve / : M 9 t 
f{t) e with the semigroup (3,4,5) is ^equivalent to t ^ {t^,t^,t^,0, ■■■ ,0). 
First we calculate the space of algebraic restrictions of 2-forms to the image of / in 

Proposition 7.2. The space of algebraic restrictions of differential 2-forms to f 
is the 6-dimensional vector space spanned by the following algebraic restrictions: 

a-i = [dxi A dx2]g, ag — [dx^ A dxi]g, ag — [dx2 A dxajg, 

aw = [xidxi A dx2]g, an = [a;2C^a;i A dx2]g, ai2 = [xidx2 A dxsjg, 
where d is quasi-degree of as- 
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quasi-degree S 


fs 


difTercntial dfs 


8 


X1X3 — X2 


Xidx3 + x^dxi — 2x2dx2 


9 


X2X3 - x'i 


X2dx3 + X:idx2 ~~ Sxfdxi 


10 


x{x2 - x'i, 


x\dx2 + 2xia;2dxi — 2x3dx3 



Table 2. Quasi- homogeneous function-germs of quasi-degree 
8, 9, 10 vanishing on the curve 1 1— > (i'^, i'*, i^). 



Proof. The image of / is contained in the following 3-dimensional smooth subman- 
ifold {x>4 = 0}. By Proposition l3.6l we can restrict our consideration to R"^ and the 
curve g : M. B t i-^ {t^,t*,t^) G M"^. g is quasi-homogeneous with weights 3,4,5 for 
variables xi,X2,X3. We use the quasi-homogeneous grading on the space of alge- 
braic restrictions of differential 2-forms to g{t) = (t'^, i*, t^) with these weights. It is 
easy to see that the quasi-homogeneous functions or 2-forms of a fixed quasi-degree 
form a finite dimensional vector space. The same is true for quasi-homogeneous 
algebraic restrictions of 2-forms of a fixed quasi-degree. 

There are no quasi-homogeneous function-germs on R'^ vanishing on g of quasi- 
degree less than 8. The vector space of quasi- homogeneous function-germs of degree 
i = 8,9, 10 vanishing on g is spanned by fi presented in Table [2] together with their 
differentials. We do not need to consider quasi-homogeneous function-germs of 
higher quasi-degree, since using /§, /g and /lo we show that algebraic restrictions 
of quasi-homogeneous 2-forms of quasi-degree greater than 12 are zero (see Table[3]) 
and all possible relations of algebraic restrictions of quasi-homogeneous 2-forms of 
quasi-degree less than 13 are generated by quasi-homogeneous functions vanishing 
on g of quasi-degree less than 13 — 3 = 10. Now we can calculate the space of 
algebraic restrictions of 2-forms. The scheme of the proof is presented in Table [31 
The first column of this table contains possible degree 5 of a 2-form. In the second 
column there is a basis of the algebraic restrictions of 2-forms of degree 6. In the 
third column we present the basis of 2-forms of degree i5. In the fourth column we 
show the relations between algebraic restrictions of elements of the basis of 2-forms 
of degree 6. The last column contains the sketches of proofs of these relations. 

The lowest possible quasi-degree of a 2-form is 7. The space of quasi-homogeneous 
2-forms of degree 7 is spanned by dxi Adx2- This form does not have zero algebraic 
restriction since it does not vanish at [DJZ2I . It implies that vector space of alge- 
braic restrictions of 2-forms of quasi-degree 7 is spanned by [dxi Adx2]g- We have a 
similar situation for the quasi-degrees 8,9, 10. The algebraic restriction xioy is not 
zero since there are no quasi-homogeneous functions vanishing on g of quasi-degree 
not greater than 10 — 3 = 7. 

The space of quasi-homogeneous 2-forms of quasi-degree 11 is spanned by X2dxi A 
dx2 and Xidx^ A dxi. But by Proposition 13.81 we have [dfs A dxi]g — which 
implies that algebraic restrictions of these 2-forms are linearly dependent: xiog = 
[xidxs A dxi]g = [—2x2dxi A dx2]g = — 2aii. We use similar arguments to show 
that the space of algebraic restriction of quasi-degree 12 is spanned by ai2. 

The space of 2-forms of quasi-degree 13 is 3-dimensional. But from linearly 
independent linear relations satisfied by algebraic restrictions of elements of the 
basis presented in the last column of the row for (5 = 13 we get that all algebraic 
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basis 



forms 



relations 



proof 



aj = dxi A (1x2 



0.7 



as = dx3 A dxi 



as 



ag = dx2 A dxs 



10 



xiar 



aw 



11 



an 



a;2Q!7, 

Xitts 



an := a;2a7 

an = —2xias 



[dfs A rfa;i]g = 



12 



ai2 



2^30:7, 

X20!S, 

XiUq 



ai2 ■= xsar 
012 = a;208 

ai2 = xiag 



[dfg /\dxi]g 
[dfs Adx2]g 



xsas, 

X20ig 



xfar = 
xaas = 

a;2ag = 



13 



[dfio A dxijg = 
[dfg A dX2]g = 

[cj/s A dxajg = 



14 



a;ia;2a7, 
x^as, 

x2aio 



xiX2ar = 
= 
= 



xlas 



X2aig 



[d/io A dx2]g = 
[dfg A dx3]g = 
xi[dfs A dxijg = 



15 



xixzar, 
xiX2as, 
xfag 



xix^ar = 
xiX2a8 = 
a:;^ag = 



[dfio A dxsjg = 
a;i[c(/'g A dxi]g = 
xi [dfs A dx2]g = 



a;2i'>i2 = a;i?'>i3 
a;3?'>ii = a;i&>i3 

S{b>i3) > 13 

6>i3 = 



> 16 



XlP>l3, 
X2l3>12, 

X3(3>n 



b>13 ■■= [/3>13] 

xib>i3 = 
&>12 := [/?>12] 

a;26>i2 = 
&>ii := [P>n] 

X3b>n = 



Table 3. The quasi-homogeneous basis of algebraic restrictions of 
2- forms to the curve 1 1-^ (t^jf^jt^). 



restrictions of quasi-degree 13 are zero. The same arguments we use for quasi-degree 
14 and 15. 

To prove that all algebraic restrictions of quasi-degree 16 arc wc notice that 
they can have the following forms of quasi-dcgrcc 16: xi/3i3 or X2P12 or x^fSn. In 
the first case the algebraic restriction 613 = [/3i3]g has quasi-dogree 13, so it is 0. In 
the second case the quasi-degree of 612 = [Pi2]g is 12. So the algebraic restriction 
612 can be presented in the form cxiag, where c € M. But then X2612 = xi(ca;2a9). 
The quasi-degree of 0x209 is 13 and it implies that ca;2a9 is 0. We use a similar 
argument to prove that Xsbn is 0. Using the same arguments and induction by the 
quasi-degree we show that all algebraic restrictions of higher quasi-degree are 0. 

Any smooth 2-form co can be decomposed to w = ^^^£7^^ + Xlj=i fj'^j' where 
A: is a positive integer, Ui is a quasi-homogeneous 2-form of quasi-degree i ioi i = 
7, • • • ,12 and fj are smooth function-germs and are quasi- homogeneous 2-forms 
of quasi-degree greater than 12 for j = 1, ■ • • , k. Thus the space of algebraic 
restrictions of 2-forms is spanned by 07, ■ • • , 012. 

□ 



18 



WOJCIECH DOMITRZ 





a? 


as 


ag 




an 


Xq = E 


lay 


Sas 


9ag 


lOaio 


llan 


Xi 


-4a8 


-Sag 


-lOaio 


llaii 





X2 


-Sag 


-5aio 


llaii 








X3 = xiE 


lOflio 


— 22aii 











Xi = X2E 


llaii 















Table 4. Infinitesimal actions on algebraic restrictions of closed 
2- forms to the curve t ^ {t^,t^,t^). 



Proposition 7.3. The space of algebraic restrictions of closed differential 2-forms 
to the image of f is the dimensional vector space spanned by the following algebraic 
restrictions: 

ay, as: ag, aio, an. 

Proof. It is easy to see that dai = for i < 12 and da 12 7^ 0. Then we apply 
Theorem ESI □ 



Proposition 7.4. Any algebraic restriction of a symplectic form to f is diffeomor- 
phic to one and only one of the following ay, ag, — ag, ag, aio, — aio, an, 0. 

Proof. By Theorem 16. 121 we consider vector fields Xs such that Xg o f — f^^^df /dt 
for s = 0, 5. They have the following form 



d . d _ d „ d . d - 2 ^ 



3 



Xq = E = 3xi- h 4x2-^ h 50:3- — , Xi = 3x2^ h 4:X3- h 5xi 

0x1 0x2 0x3 0x1 0x2 ox. 

X2 = Sx3- h 4xi- h 5x1X2^; — , = xiE, Xi = X2E. 

ax I 0x2 0x3 

The infinitesimal action of these germs of quasi-homogeneous liftable vector fields 

on the basis of the vector space of algebraic restrictions of closed 2-forms to / is 

presented in Table H) Using the data of Table H] we obtain by Theorem 16.131 that 

an algebraic restriction of the form J2i>s '^i'^i Cs 7^ is diffeomorphic to c^as. 

Finally we reduce Cgag to a^ if the quasi-degree s is odd or to sgn{cs)as if s is even 

by a diffeomorphism ^t{xi,X2,X3) = {t^xi,t'^X2,t^X3) for t = c| or for t = \cs\^ 
respectively. 

The algebraic restrictions as, —as are not diffeomorphic. Any diffeomorphism 
$ = ($1, ■ • • , $2«) of (R2", 0) preserving f{t) = {t^, t^, ^^ 0, • ■ • , 0) has the follow- 
ing linear part 

A^Xi + yli2a;2 + A13X3 + A^Xi + ■ ■■ + Ai^2nX2n 
A*X2 + A23X3 + A24X4 + ■■■ + A2^2nX2n 
A^X3 + A34X4 + ■■■ + A3^2nX2n 
A44X4 + ■ ■ ■ + A4 2nX2n 



A2n,4:X4 + ■ ■ ■ + A2n,2nX2n 

where A, Ai^j e M. 

Assume that $*(a8) = — ag. It implies that ^^c?X3Adxi|o = — dxs Adxijo, which 
is a contradiction. 

One can similarly prove that aio, —aio £^re not diffeomorphic. □ 
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Proof of Theorem \7.1\ Let Oi be a 2-form on K'' such that a-i = [Oi]g. Then 
rank{9i\Q) > 2 if n = 2 and rank{6i\o) > if n > 2 by Proposition 13.101 It is 
easy to see that ar, ±ag, ag are reahzable by the following symplectic forms 

dxiAdx2 + dx3Adx4 + --- , idx^ Adxi+dx2 Adx4 + ■ ■ ■ , dx2 Adx^+dxi Adx4 + ■ ■ ■ 

respectively. The algebraic restrictions ±aio, an and Coo = are realizable by the 
following forms 

ixidxi A dx2 + dxi A dx^ + dx2 A dx^ + dx^ A dxQ + • • • , 
X2dxi A dx2 + dxi A dx^ + dx2 A dx^ + dx^ A dxe + • • • , 
dxi A dxi + dx2 A dx^ + dx^ A dxQ + ■ ■ ■ 
respectively. By a simple coordinate change we map the above forms to the Darboux 
normal form and we obtain the normal forms of the curve. 

By Propositions l4.31 17.31 17.4l and using the data in Tabled we obtain the symplec- 
tic multiplicities of curves in Table [TJ The indexes of isotropness for these curves 
are calculated by Propositions 14. 41 and 17. 41 The Lagrangian tangency orders for the 
curves in rows 1 — 3 are obtained using the fact that any Lagrangian submanifold 
can be represented in the form (|4.ip . By Propositions 14.61 and 17.41 we obtain this 
invariant for other curves in Table [TJ 

□ 

8. Symplectic singularities of curves with the semigroup (3, 5, 7) 

In this section we present the symplectic classification of curves with the semi- 
group (3,5,7). 

Theorem 8.1. Let (R^",tJo = Y^'i^i'^Pi A dqi) be the symplectic space with the 
canonical coordinates (pi, gi, • ■ ■ ,Pni 9n)- 

Then the germ of a curve f : (K, 0) (M^",0) with the semigroup (3,5,7) is 
symplectically equivalent to one and only one of the curves presented in the second 
column of the Tahle\^ (on page 16) for n > 2 and f is symplectically equivalent to 
one and only one of the curves presented in the second column and rows 1-3 and 5 
for n ~ 2. The parameter c is a modulus. 

The symplectic multiplicity, the index of isotropness and the Lagrangian tangency 
order are presented in the third, fourth and fifth columns of Table\^ 





normal form of f 


f-^synipl (y) 




Lt{f) 


1 


t^ (^^,±^^^^o,■•• ,o) 








5 


2 


1 1-^ {t^,±t\t^,ct^, • • ■ ,0) 


2 





7 


3 


t^ {t-^,t^,t^,ct\--- ,0), c^O 


3 





7 


4 


t^ (^^^^^^G,^^o,••• ,o) 


3 


1 


8 


5 


t^ (^^c^^",±^^^^o, ••■ ,o) 


4 





7 


6 


t^ (^^ct^^^^^^^^o, ••■ ,0) 


5 


1 


10 


7 


t^ (^^±^^^^^o,^^o,••• ,o) 


5 


2 


11 


8 


t^ (^^±^^V2,^^o,^^o, ••• ,o) 


6 


2 


13 


9 


t^ (^^,o,^^o,^^o, ••■ ,o) 


7 


oo 


oo 



Table 5. Symplectic classification of curves with the semigroup (3, 5, 7). 
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quasi-degree S 


hs 


differential dhs 


10 


X1X3 — X2 


xidx^ + x^dxi -~ 2x2dx2 


12 


X2X3 - x\ 


X2dx3 + Xzdx2 — 4:X'ldxi 


14 


X\X2 - x'l 


'ix\x2dxi + x\dx2 — 2x3(ia;3 



Table 6. Quasi- homogeneous function- germs of quasi-degree 
10, 12, 14 vanishing on the curve t ^ {t'^,t^ 



The germ of a curve / : M 9 t i-^ /(<) G M^" with the semigroup (3,5,7) is A- 
equivalent to t ^ (^^ ^^ ^^ 0, • • • , 0). We use the same method as in the previous 
section to obtain symplectic classification of these curves. We only present the main 
steps with all calculation results in tables. 

Proposition 8.2. The space of algebraic restrictions of differential 2-forms to g is 
the ^-dimensional vector space spanned by the following algebraic restrictions: 

as — [dxi A dx2]g,aiQ — [dx^ A dxi]g, an — [xidxi A dx2]g, au — [dx2 A dx3]g, 
ai3 = [x2dxiAdx2]g,ai4 = [xldxiAdx2]g, = [x3dxiAdx2]g, aie = [xiX2dxiAdx2]g, 
where S is the quasi-degree of as- 

The sketch of the proof. We use the same method as in the previous section. The 
sketch of the proof is presented in Tables [H] and [71 □ 

Proposition 8.3. The space of algebraic restrictions of closed differential 2-forms 
to the image of f is the 7 -dimensional vector space spanned by the following algebraic 
restrictions: 

osi fliOi an, ai2, 013, ai4, oie. 



Proof. By Proposition 18.21 it is easy to see that doi = for i ^ 15 and dais ^ 0. 
By Theorem 13. 9l we get the result. □ 

Proposition 8.4. Any algebraic restriction of a symplectic form to f is diffeomor- 
phic to one of the following ±ag,, ±aio-|-caii, aii-|-cai2, an, ±ai2 + cai3, ai3 -|- 
cai4, ±ai4, ±ai6, 0, where the parameter c CzM. is a modulus. 

Sketch of the proof. The vector fields Xg (see Theorem I6.12[) have the following 
form: 

d d d d d d 

Xo = E = 3xi- h 5x2^; h 7x3- — , ^2 3x2^ h 5x3- h 7xi- — , 

0x1 0x2 0x3 0x1 0x2 0x3 

d d d 

X3 = xiE, X4 = 3x3- \- 5xi- 1- 7x^X2^; — , 

axi 0x2 0x3 

X5 — X2E, Xq — xIE, Xj — X3E, Xs — X1X2E. 

Their actions on the space of algebraic restrictions of closed 2-forms are presented 
in Table [51 From these data we obtain the classification of algebraic restrictions as 
in the previous section. 

From Table [51 and Theorem 16.121 we also see that the tangent space to the orbit 
of ±aio -I- can at ±aio + can is spanned by iblOaio -I- llcan, ai2, 013, ai4, oig. an 
does not belong to it. Therefore parameter c is the modulus in the normal form 
±aio -t- can. 

In the same way we prove that c is the modulus in the other normal forms. □ 
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6 


basis 


forms 


relations 


proof 


o 



as 


as = dxi A dx2 


08 := [aslg 




10 


aio 


aio = dx^ A dxi 


aio ■= [aio]s 




11 


On 


•Tl n:8 


On := XiBs 




12 


a 12 


n,i2 = d.v.2 A d.v.;', 


"12 := [fU2]</ 




13 


ai3 


X2as, 
xiaio 


013 := 2:208 
XiOio = -2ai3 


[dhiQ A dx\\g = 


14 


ai4 


xfas 


Oi4 := xfas 




15 




xsas, 
X2aw, 
x\a\2 


015 := a^aos 
a;20io = oi5 
a;iOi2 = oi5 


[dhi2 A dxi]g = 
[dhio A dx2]g = 


16 


ai6 


x\X2a^^ 

n 

xfaio 


016 a;ia:;2a8 
xfaiQ = -2aie 


xi[dhio A dxi]g = 


17 





xfas, 

X20i\2 


xfag = 
a^aoio = 
a;20i2 = 


[dh\4 A dxi]g = 
[dhi2 A dx2]g = 
[dhio A dxsjg = 


18 





x\Xza^, 

xiX2am 

2 

xfai2 


xixsos = 
x\X2aio = 

2 n 
O12 = 


xi[dhi2 A rfa;i]g = 
xi[dhio A (ix2]g = 
a;2[o/iio A dxi\g = 


19 





xlx2as, 
xfaio, 
X3ai2, 


a;^a;2a8 = 
aj^oio = 
2:3012 = 


a;i[d/iio A dxijg = 
[d/ii2 A dx3]g = 
[d/;,i4 A dx2]g 


> 20 





XlP>l7, 
X20>15, 
X3P>13 


b>i7 [(i>n]g 
xihn = 

^>15 =: [/3>15]3 
2:2^>15 = 

^>13 := [/3>13]g 
2:3fe>l3 = 


X2b>i5 = xib'y^^ 
X3.b>i^ = xib'l.^^ 
5{b>n) > 17 
6>i7 = 



Table 7. The quasi-homogeneous basis of algebraic restrictions of 
2-forms to the curve {t^,t^,f). 



£x, a J 


as 


Oio 


an 


ai2 


013 


Ol4 


016 


Xo = E 


Sos 


lOoio 


llOll 


12oi2 


13oi3 


14oi4 


I6016 


X2 


-5aio 


-3oi2 


13oi3 


— 21ai4 





16ai6 





X3 = xiE 


llOll 


-26ai3 


14oi4 





I6016 








Xi 


-3ai2 


-7ai4 





6ai6 











X5 = X2E 


13ai3 





16ai6 














Xe = x'fE 


llai4 


-32ai6 

















Xr = X3E 























Xs = X1X2E 


4oi6 





















Table 8. Infinitesimal actions on algebraic restrictions of closed 
2-forms to the curve t {t^,t^,f). 
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9. Symplectic singularities of curves with the semigroup (3, 7, 8) 

In this section we present the symplectic classification of curves with the semi- 
group (3,7,8). 

Theorem 9.1. Let {M.'^",ll)q ~ X]"=i ^ dqi) be the symplectic space with the 
canonical coordinates (pi, qi, ■ ■ ■ ^PmQn)- 

Then the germ of a curve f : (M,0) (R^",0) with the semigroup (3,7,8) is 
symplectically equivalent to one and only one of the curves presented in the second 
column of the Tahle\^ (on page 19) for n > 2 and f is symplectically equivalent to 
one and only one of the curves presented in the second column and rows 1-3, 5 and 
7 for n = 2. The parameters c, C\, Ci are moduli. 

The symplectic multiplicity, the index of isotropness and the Lagrangian tangency 
order are presented in the third, fourth and fifth columns of Table\^ 





normal form of f 


ll'sympl (/) 




Lt{f) 


1 


t^ (^^±^'',^^c^^o,••• ,o) 


1 





7 


2 


t^ (^^^^^^ct^o, ■•■ ,o) 


2 





8 


3 


t ^ (^^ t^" + Cli", C2t«, 0, • • • , 0), C2 ^ 


4 





8 


4 


t^ (^^^^^^^c^^^^o,••• ,0) 


4 


1 


10 


5 


t^ (^^±^" + c2^'^t^Cl^^o, ••■ ,0), ci 


5 





8 


6 


t (^^±^",^^c^^^^o,••■ ,o) 


5 


1 


11 


7 


t^ (^^cl^^^ + c2t^'^,^^^^o,•■• ,o) 


6 





8 


8 


t ^ (^^ ±^^^ cit^", C2t^", o, • • • , o), C2 ^ o 


7 


1 


11 


9 


t (^^±^^^^^ct^^^^o,••• ,0) 


7 


2 


13 


10 


t ^ (^^ t''', ^^ cii^\ i», Cat", 0, • • ■ , 0), ci ^ 


8 


1 


11 


11 


t^ (^^^^'',^^o,^^ct",o,•■• ,o) 


8 


2 


14 


12 


t K-> (t^ cit^^ <^ ±t", t«, cat", 0, • • • , 0) 


9 


1 


11 


13 


t ^^ (^^^^^^^c^^^^^o, ••■ ,0) 


9 


3 


16 


14 


t^{i^^±t'\t',Q,t'',Q,--- ,0) 


9 


3 


17 


15 


t^ (^^o,^^o,^^o,••• ,o) 


10 


oo 


oo 



Table 9. Symplectic classification of curves with the semigroup (3, 7, 8). 



Let / : M 3 t /(t) e R^" be the germ of a smooth or R- analytic curve 
.A-equivalent to t i-^ {t^, t^, t^, 0, • ■ • , 0). First we calculate the space of algebraic 
restrictions of 2- forms to the image of / in R^". 

Proposition 9.2. The space of algebraic restrictions of differential 2-forms to g is 
the 12 -dimensional vector space spanned by the following algebraic restrictions: 

aiQ = [dxi A dx2\g, an = [dx^ A dxi\g, ai3 = [xidxi A dx2\g, ai4 = [xidx^ A dxi\g, 
ai5 = [dx2 A dx'i\g, oie — [x\dxi A dx2\g, an ~ [x2dxi A dx2\g, Oj'g = [xidx2 A dxsjg, 
flj^g = [x2dxz/\dxi\g,aig = [x^dx^/\dxi\g,a2Q — [xiX2dxi/\dx2\g,a2i — [xix^dxi/\dx2] 
where 6 is quasi-degree ofas- 

The sketch of the proof. We use the same method as in the previous sections. The 
sketch of the proof is presented in Tables [TO] and [11] □ 
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quasi-degree S 


hs 


differential dhs 


14 




2x-iX3dx-i + x'fdxs — 2x2dx2 


15 


X2X3 - x^ 


X2dx3 + X3dx2 — 5xfdxi 


16 


X-^X'2 


3xiX2dxi + xfdx2 — 2x3dx3 



Table 10. Quasi- homogeneous function- germs of quasi-degree 
14, 15, 16 vanishing on the curve 1 1— > {t^,t'^,t^). 



s 


basis 


forms 


relations 


proof 




a in 


(IK) — (7X1 ' ' (lJ/2 


a 10 


= [(yw]g 




11 


"11 


(ill = "'•'•'.■i A (/.Ci 


"11 


= [flll]y 




13 


ai3 


xiaio 


ai3 


= 2:1010 




1 A 


ai4 


Clli = X\OC\\ 


014 


= 2:1011 




15 


Ol5 


a;i5 = dx2 A da;3 


Ol5 


= ["isls 




16 


ai6 


.T^aio 


016 


= 2:1010 




17 


ai7 


a;2Q;io, 
x\a\i 


Ol7 

xfan 


= 2:2010 
= -2ai7 


[an.14 A oxijg = 


18 




Xiq;i5, 
X2aii, 
a;3aio 


a^g := a;iai5 
0^8 := a;20ii 
2:3010 = olfg 


[dhi5 A dxi]g = 


19 




xsaii, 

x\aw 


019 := 2:3011 
2:1010 = -2ai9 


[dhie A dxi]g = 


20 


020 


a;ia;2aio, 
xfaii 


020 := 2:10:2010 
2:1010 = -2a2o 


xi [dhi4 A dxi]g = 


21 


021 


xixaaio, 
a;ia;2Q;ii, 
x\a\r, 


021 := xi^saio 
2:12:2011 = a2i 
xfai^ = 2a2i 


[a/7,14 A ax2jg = 
xi [dhi^ A dxi]g — 


22 





x\a\o, 
a;ia;3aii, 
a;2Q!i5, 


xjaio = 
2:12:3011 = 
2:2015 = 


Xi[dhiG A dccijt, = 
[dhi5 A ^2:2]^ = 
[dhi4 A (ixsjg = 


23 





X^.T2aiO, 

x\aii, 

X30tlb, 


2:12:2010 = 
2:foii = 
2:3015 = 


Xi[dhi4 A dxiJg = 
[dhie A dx2]g = 
[(i/ii5 A dxsjg = 


24 





x'iaiQ; 
x\x2aii, 

X30ll^, 


x'iciio — 
x\x2aii = 
2:3015 = 


xfldhi^ A dxi]g — 

[dhie A dx3]g = 
2:1 [dhi4 A dx2]g = 


> 25 





Xlf3>22, 
X2f3>18, 
X3P>17 


^>22 '■— [P>22]g 
Xlb>22 = 

b>18 =■ [P>18]g 
X2b>i8 = 

b>17 ■= [P>17]g 
X3b>17 = 


2:26>18 = 2;i6'>22 
2:3&>17 = 2:i6>22 

^(6>22) > 22 

&>22 = 



Table 1 1 . The quasi-homogeneous basis of algebraic restrictions 
of 2-forms to the curve 1 1-^ {t^,t'^,t^). 
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aio 


an 


ai3 


ai4 


ai5 


0-16 


an 


a<5>i8 


E 


lOaio 


llan 


13ai3 


14ai4 


15ai5 


16ai6 




5as 


Xs 


13ai3 


14ai4 


16ai6 


17ai7 


15ai8 


— 38ai9 


20a2o 





Xi 


-7a 14 


-3ai5 


17ai7 


-3ai8 


9ai9 


20a20 








Xs 


-3ai5 


-8ai6 


-3ai8 


19ai9 


12020 











Xe 


16ai6 


17ai7 


— 38ai9 


-38a2o 














X7 


17ai7 


-3ai8 


20a2o 

















Xa 


-3ai8 


19ai9 




















X9 


— 38ai9 


-40a2o 




















Xia 


20a2o 
























Table 12. Infinitesimal actions on algebraic restrictions of closed 
2- forms to the curve t ^ {t^ ^t^). 



Proposition 9.3. The space of algebraic restrictions of closed differential 2-forms 
to the image of g is the 10 -dimensional vector space spanned by the following alge- 
braic restrictions: 

aio, an, ai3, 014, ais, aig, ai7, ai8 = a^g — Oj^g, aig, a2o 

Proof. It is easy to see that da.i — for i ^ 18,21, da^g = daj~g 7^ and da2i ^ 
0. Then the algebraic restriction Oj^g — a^^ is closed and c?aj~g, da2i are linearly 
independent. Thus Theorem 13.91 implies the result. □ 

Proposition 9.4. Any algebraic restriction of a symplectic form to f is diffeomor- 
phic to one of the following ±aio + can, an + cai3, 013 + Ciai4 + C2ai5, ±ai4 + 
Ciai5+C2ai6, ai5 + ciai6 + C2ai7, ±ai6 + ciai7 + C2ai8, ai7 + Ciai8 + 02019, ±ai8 + 
ciai9 + C2a2o, ai9+ca2o, ±a2o, 0, where c,ci,C2 eM.. 
The parameters c, Ci, C2 are moduli. 

The sketch of the proof. The vector fields Xg (see Theorem l6.12[) have the following 
form: 

d d d 

Xq^ E ^ 3x1- h 7a;2T; h 8x3- — , X3 = xiE, 

0x1 0x2 0x3 

X4 = 3x2 K 7x1X3- h 8x1- — , X5 = 3x3- K 7xj- h 8x1X2 — , 

axi ax2 0x3 axi 0x2 17x3 

Xq X^E, X7 — X2E, Xs = X3E, Xg — xIE,Xio — X1X2E. 

Their actions on the space of algebraic restrictions of closed 2-forms are presented 
in Table [T^l From these data we obtain the classification of algebraic restrictions 
as in the previous section. 

Now we prove that parameters c, ci, C2 are moduli in the normal forms. The 
proofs are very similar in all cases. As an example we consider the normal form 
ai3 + Ciai4 + C2ai5 - the first normal form with two parameters. From Table [T^ 
and Theorem 16 . 1 21 we see that the tangent space to the orbit of 013 + ciai4 + C2ai5 
at ai3 + ciai4 + C2ai5 is spanned by linearly independent algebraic restrictions 
ai3 + 14ciai4 + 15c2ai5, aig, ai7, ai8, ai9, a2o- Hence algebraic restrictions ai4 and 
ai5 do not belong to it. Therefore parameters ci and C2 are independent moduli in 
the normal form ai3 + ciai4 + €2015. □ 
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